Firstly, some rearranging:

dN, (L-2)
ZF+N¢:zsec,b’tanﬂpn—zsecﬂp¢ where p, =p,+(p,—p,) C

z
=P, +I(p1_ pz)

Let A=sec ftan 8 and B =sec S, where A and B are constants.

dN
Hence: zd—z“’+ N, = zAp, — 2Bp, = ZA(p, +E(pl— p,))—zBp,

A
=2(Ap, =Bp,) +2° (P~ P,)
Let C =(Ap,—Bp,) and D = %(p1 —p,), where C and D are constants.

dN¢ )
Hence: zd—+ N¢ =Cz+Dz
Z

dN
After all that, consider the following ODE: zd—¢+ N, —Cz- Dz’ =0
z

Using the same 'exact solution' method (James, 2001), the above ODE may be expressed in

dN
the following form: p(z, N"’)d_¢+ q(z,N,)=0
z

Let h(z,N,) be the exact solution such that ;Th = p(z,N,) and g—:: d(z,N,)
¢

oh H
Thus: p(z,N,) =12 aT:z = h:zI8N¢:zN¢
¢ 0
2 ah 2
and: q(z,N,)=N,-Cz-Dz" .. a—=N¢—Cz—Dz
z

= h=j(N¢—Cz—Dz2)az=zN¢—1zZC—1z3D
) 2" 7 3

Combining the two: h(z,N,) = zN, —%ZZC —%Z3D

Hence the original ODE becomes: di(zN¢ —%ZZC —%23D) =0
z

and it's general solution is: zN,, —%ZZC —%ZSD =K where K is a constant

Boundary condition: N, =0 whenz=0 .. K=0
hence: zN¢—122C—123D=O
2 3
. 1 1 2 1 1 2 1
Thus: N¢(z)=§zC +§z D=Ezsecﬁ(tanﬂp2 - p¢)+§z (Esecﬂtanﬂ(pl— P,))
2
2tan B(p, + 5 2(Py = P2)) = by ]

or:N (z)=
o(2) 2c0s 8
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